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Abstract
In this paper, we consider the Randic´ energy RE of simple connected graphs. We provide upper
bounds for RE in terms of the number of vertices and the nullity of the graph. We present families of
graphs that satisfy the Conjecture proposed by Gutman, Furtula and Bozkurt [9] about the maximal
RE. For example, we show that starlikes of odd order satisfy the conjecture.
1 Introduction
The problem of finding the graphs with maximal and minimal energy has been extensively studied for
several matrices. For the Adjacency matrix, Gutman [8] proved the following.
Theorem 1.1 Let T be a tree on n vertices. Then
E(S n) ≤ E(T ) ≤ E(Pn).
Where Pn and S n stand for the n-vertex path and the n-vertex star. Radenkovic´ and Gutman [13] conjec-
turated the following about the Laplacian energy.
Conjecture 1 Let T be a tree on n vertices. Then
LE(Pn) ≤ LE(T ) ≤ LE(S n).
Fritscher et al. [7] proved that among the trees the star has maximal Laplacian energy. The problem of
minimal Laplacian energy is still open.
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In the paper of Gutman, Furtula and Bozkurt [9] on the energy of the Randic´ matrix, graphs called
sun and double sun were defined. The authors presented the following conjecture about the connected
graphs with maximal RE.
Conjecture 2 Let G be a connected graph on n vertices. Then
RE(G) ≤
{
RE(S un) if n is odd,
RE(Balanced double sun) if n is even.
In this article we present bounds for the Randic´ energy. And some families of graphs that satisfy the
conjecture above.
Let G = (V, E) be an undirected graph with vertex set V and edge set E. The Randic´ matrix R = [ri j]
of a graph G is defined [1, 6, 9] as
ri j =
® 1√
dudv
if uv ∈ E
0 otherwise
Denote the eigenvalues of R by λ1, . . . , λn. The multiset σR = {λ1, . . . , λn} will be called the R-spectrum
of the graph G.
The Randic´ energy RE(G) of a graph G is
n∑
i=1
|λi|.
Historically, the RE is related to a descriptor for molecular graphs used byMilan Randic´ in 1975 [14].
The normalized Laplacian matrix, defined by Chung [4], can be written using the Randic´ matrix as
L = In − R.
And the eigenvalues of L are given by
µi = 1 − λi
for i = 1 . . . n. For graphs without isolated vertices Cavers [3] defined the normalized Laplacian energy
as
EL(G) =
n∑
i=1
|µi − 1|.
An interesting fact about EL(G), see [9], is that if G does not have isolated vertices then
RE(G) = EL(G).
Thus, results in this paper on Randic´ energy apply also to normalized Laplacian energy.
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This paper is organized as follows. In Section 2, we present closed formulas for the Randic´ energy
of the sun and the double sun. In Section 3, we use some known eigenvalues to provide upper bounds
for RE in terms of the number of vertices and the nullity of the graph. In Section 4, we use bounds for
the Randic´ index R−1(G) to improve bounds for RE. In Section 5, we show that some families of graphs,
for example starlikes of odd order, satisfy the conjecture proposed in [9].
2 Randic´ energy of sun and double sun
In the work of Gutman, Furtula and Bozkurt [9] on the energy of the Randic´ matrix, two families of trees
were defined, sun and doble sun. For each p ≥ 0, the p-sun, which we denote with S p, is the tree of
order n = 2p + 1 formed by taking the star on p + 1 vertices and subdividing each edge.
Figure 1. Sun.
For p, q ≥ 0 the (p, q)-double sun, denoted Dp,q, is the tree of order n = 2(p + q + 1) obtained by
connecting the centers of S p and S q with an edge. Without loss of generality we assume p ≥ q. When
p − q ≤ 1 the double sun is called balanced.
Figure 2. Double Sun.
In [9] was conjectured that the connected graph with maximal Randic´ energy is a tree. More specifi-
cally, if n ≥ 1 is odd, the sun is conjectured to have greatest Randic´ energy among graphs with n vertices.
And, if n ≥ 2 is even, then the balanced double sun is conjectured to have greatest Randic´ energy among
graphs with n vertices.
Using the algorithm developed in [2], for locating eigenvalues in trees for the normalized Laplacian
matrix, we can compute the characteristic polynomials of the sun and the balanced double sun.
The characteristic polynomial of the sun with p ≥ 1 is:
det(λI − L) = (−1)(λ − (2 +
√
2
2
))p−1(λ − (2 −
√
2
2
))p−1(λ)(λ − 2)(λ − 1).
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It follows that
EL(S p) =
n∑
i=1
|λi(l) − 1| = 2(p − 1)
√
2
2
+ 2 = (n − 3)
√
2
2
+ 2.
Suppose that p ≥ q and p + q ≥ 2. Then, the characteristic polynomial of Dp,q is:
det(λI − L) = λ(λ − 2)(λ − (2 +
√
2
2
))p+q−2(x − (2 −
√
2
2
))p+q−2(q(λ))
with
q(λ) = λ4 − 4λ3 + 1
4
(22p + 20qp + 22q + 20)
(q + 1)(p + 1)
λ2 +
1
4
(−12p − 8qp − 12q − 8)
(q + 1)(p + 1)
+
1
4
(1 + 2p + 2q)
(q + 1)(p + 1)
.
It is known that the graph G is bipartite if and only if for each normalized laplacian eigenvalue λ, the
value 2 − λ is also an eigenvalue of G. Using this fact, we can write q(λ) as
q(λ) = (λ − λa)(λ − λb)(λ − (2 − λa))(λ − (2 − λb))
with λa ≤ λb. Now, we can compute the energy of the balanced double sun in both cases as follows:
If p = q then
EL(Dp,p) =
√
2(n2 − 4n − 12) + 4
√
n2 + 4n + 20
2(n + 2)
.
If q = p − 1 then
EL(Dp,p−1) =
√
2
2n(n + 4)
(n3 − 2n2 − 24 + 2
√
n(n + 4)(n2 + 8 +
√
−64n + n4 + 64)+
2
√
n(n + 4)(n2 + 8 −
√
−64n + n4 + 64)).
Now, we can rewrite the Conjecture 2 for the Randic´ energy using closed formulas.
Conjecture 3 Let G be a connected graph on n vertices. Then for k ≥ 3 odd we have that
RE(G) ≤


RE(S p) = EL(S p) if n = k
RE(DS p,p) = EL(Dp,p−1) if n = 2k
RE(DS p,p−1) = EL(Dp,p−1) if n = 2k + 2
3 Upper bounds for RE
In this section, we present upper bounds for RE in terms of the number of vertices and the nullity of G.
The main tool we use to study the Randic´ energy of graphs is the trace of R2, taking advantage of the
eigenvalues we know for G.
The next Theorem is the generalized mean inequality that will be used in the results following it.
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Theorem 3.1 If x1, . . . , xn are nonnegative real numbers, p and q are positive integers, and p < q, then(
1
n
n∑
i=1
x
p
i
)1/p
≤
(
1
n
n∑
i=1
x
q
i
)1/q
The next Lemma can also be found in [3]. But for completeness we present a proof here.
Lemma 3.2 Let G be a graph of order n with no isolated vertices. Then
RE(G) ≤
»
n tr (R2).
Proof: Applying Theorem 3.1 with p = 1, q = 2, xi = |λi| yields
1
n
n∑
i=1
|λi| ≤
(
1
n
n∑
i=1
|λi|2
)1/2
n∑
i=1
|λi| ≤ n
1√
n
(
n∑
i=1
|λi|2
)1/2
n∑
i=1
|λi| ≤
√
n
(
n∑
i=1
|λi|2
)1/2
.
And the last inequality is exactly RE(G) ≤
√
n tr (R2). 
Notice that Lemma 3.2 can be improved when some of the eigenvalues for R are known. Consider Ψ
a sub-multiset of σR and denote the multiset difference by σR \Ψ.
Theorem 3.3 Let G be a graph, and let Ψ be a sub-multiset of σR. Then
RE(G) ≤
Ã
(n − |Ψ|)
(
tr (R2) −
∑
λ∈Ψ
λ2
)
+
∑
λ∈Ψ
|λ|.
Proof: Notice that
RE(G) =
n∑
i=1
|λi| =
∑
λ∈σR\Ψ
|λ| +
∑
λ∈Ψ
|λ|.
Applying Theorem 3.1 to the elements of σR \ Ψ yields
1
|σR \Ψ|
∑
λ∈σR\Ψ
|λ| ≤
Ñ
1
|σR \Ψ|
∑
λ∈σR\Ψ
(|λ|)2
é1/2
∑
λ∈σR\Ψ
|λ| ≤
Ñ
|σR \Ψ|
∑
λ∈σR\Ψ
(λ)2
é1/2
.
But |σR \ Ψ| = n − |Ψ|, and
∑
λ∈σR\Ψ(λ)
2
= tr (R2) −∑λ∈Ψ λ2. Thus
∑
λ∈σR\Ψ
|λ| ≤
(
(n − |Ψ|)
(
tr (R2) −
∑
λ∈Ψ
λ2
))1/2
.
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Hence
RE(G) ≤
Ã
(n − |Ψ|)
(
tr (R2) −
∑
λ∈Ψ
λ2
)
+
∑
λ∈Ψ
|λ|.

We can apply Theorem 3.3 to graphs in general, using that 1 is an eigenvalues of R for every graph
G, and using that −1 is an eigenvalue whenever the graph is bipartite. Furthermore, we can use the
dimension of the null space, denoted by null (R), as that counts the multiplicity of 0 as an eigenvalue.
Notice that
∑
λ∈Ψ λ2 =
∑
λ∈Ψ |λ| = 1 in the general case, and
∑
λ∈Ψ λ2 =
∑
λ∈Ψ |λ| = 2 in the bipartite
case. Hence, we obtain the following.
Corollary 3.4 If G is a graph, then
RE(G) ≤
»
(n − 1 − null (R))(tr (R2) − 1) + 1.
Furthermore, if G is bipartite, then
RE(G) ≤
»
(n − 2 − null (R))(tr (R2) − 2) + 2.
Corollary 3.4 will be our main tool to bound RE(G) in the following sections.
4 Upper bounds using R−1(G)
The randic´ index of G, denoted by R−1(G), satisfies the equality
R−1(G) =
1
2
tr (R2).
Hence, any upper bound of R−1(G) may yield an upper bound for RE(G).
In the next Theorem we summarize some upper bounds for R−1(G).
Theorem 4.1 In [3], Cavers et al. showed that if G is a connected graph on n ≥ 3 vertices. Then
R−1(G) ≤
15(n + 1)
56
.
In [5], Clark and Moon proved that if T is a tree, then
R−1(T ) ≤
5n + 8
18
.
In [10, 12], they proved that if T is a tree of order n ≥ 103, then
R−1(T ) ≤
15n − 1
56
.
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Applying Corollary 3.4 together with Theorem 4.1 yields
Corollary 4.2 Let G be a graph, then
RE(G) ≤
 
(n − 1 − null (R))15n − 13
28
+ 1.
Let G be a bipartite graph, then
RE(G) ≤
 
(n − 2 − null (R))15n − 41
28
+ 2.
Let T be a tree, then
RE(T ) ≤
 
(n − 2 − null (R))5n − 10
9
+ 2.
Let T be a tree of order n ≥ 103, then
RE(T ) ≤
 
(n − 2 − null (R))15n − 57
28
+ 2.
It is known that trees of odd order have nullity at least one. If we consider null (R) = 0 for trees of
even order and null (R) = 1 for trees of odd order in Corollary 4.2 we obtain the following result.
Corollary 4.3 Let T be a tree of even order n ≥ 2, then
RE(T ) ≤
 
(n − 2)5n − 10
9
+ 2. (1)
Let T be a tree of odd order n ≥ 2, then
RE(T ) ≤
 
(n − 3)5n − 10
9
+ 2. (2)
Let T be a tree of even order n ≥ 103, then
RE(T ) ≤
 
(n − 2)15n − 57
28
+ 2. (3)
Let T be a tree of odd order n ≥ 103, then
RE(T ) ≤
 
(n − 3)15n − 57
28
+ 2. (4)
In [6] the following bound for the energy of trees was found.
Theorem 4.4 [6] Let T be a tree of order n, then
RE(T ) ≤ 2
 õ
n
2
û
5n + 8
18
. (5)
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With a simple calculation we can compare the bounds in Corollary 4.3 and Theorem 4.4. If n is even
we use ⌊n/2⌋ = n/2. Then (1) < (5) if n ≥ 3 and (1) = (5) if n = 2. If n is odd we use ⌊n/2⌋ = (n − 1)/2.
Then (2) < (5) if n ≥ 3.
Corollary 4.2 also suggests that if null (R) is sufficiently large, then RE(G) ≤ (n − 3)
√
2
2
+ 2. The
following theorem gives a lower bound for the nullity that yields the inequality.
Theorem 4.5 If null (R) ≥ n
2
+ 56n − 141 − 28(n − 3)
√
2
15n − 13 , then RE(G) ≤ (n − 3)
√
2
2
+ 2.
Proof: If G is a graph, then writing Corollary 3.4 in terms of R−1(G) yields
RE(G) ≤
√
n − 1 − null (R)
√
2R−1(G) − 1 + 1.
Using Theorem 4.1,
RE(G) ≤
√
n − 1 − null (R)
 
15(n + 1)
28
− 1 + 1
=
√
n − 1 − null (R)
 
15n − 13
28
+ 1.
Thus, we want
√
n − 1 − null (R)
 
n − 13
28
+ 1 ≤ (n − 3)
√
2
2
+ 2,
(n − 1 − null (R))15n − 13
28
≤ ((n − 3)
√
2
2
+ 1)2,
(n − 1 − null (R))15n − 13
28
≤ (n2 − 6n + 9)1
2
+ (n − 3)
√
2 + 1,
(n − 1 − null (R))(15n − 13) ≤ 14n2 − 84n + 126 + 28(n − 3)
√
2 + 28,
(n − 1 − null (R)) ≤ 14n
2 − 84n + 154 + 28(n − 3)
√
2
15n − 13 .
Hence,
− null (R) ≤ 14n
2 − 84n + 154 + 28(n − 3)
√
2
15n − 13 − n + 1,
null (R) ≥ −14n
2 − 84n + 154 + 28(n − 3)
√
2
15n − 13 + n − 1,
null (R) ≥ 15n
2 − 13n − 15n + 13 − 14n2 + 84n − 154 − 28(n − 3)
√
2
15n − 13 ,
null (R) ≥ n
2
+ 56n − 141 − 28(n − 3)
√
2
15n − 13 .
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In the case of trees, using R−1(G) ≤ (15n − 1)/56 and the fact that ±1 are eigenvalues, Theorem 4.5
can be improved to show that null (T ) ≥ n
2 − 3n − 12
15n − 57 implies RE(T ) ≤ (n − 3)
√
2
2
+ 2.
A suspended path is a path uvw, with du = 1 and dv = 2, i.e. u is a pendent vertex and its neighbor
has degree 2. The next result improves the bound on R−1(G) when G has no suspended paths.
Theorem 4.6 [3] Let G be a connected graph on n ≥ 3 vertices. If G has no suspended paths, then
R−1(G) ≤
n
4
If G is bipartite, then we can use that ±1 are eigenvalues of R, and, hence, 1 is an eigenvalue of
multiplicity 2 of R2 to obtain the following.
Theorem 4.7 Let G be a connected bipartite graph on n ≥ 3 vertices. If G has no suspended paths, then
RE(G) ≤
√
n − 2
√
n − 4
√
2
2
+ 2.
Notice that
√
n − 2
√
n − 4 =
√
n2 − 6n + 8 <
√
n2 − 6n + 9 = (n−3). Therefore, if n = 2p+1 is odd and
G is a connected bipartite graph on n ≥ 3 vertices that has no suspended paths, then RE(G) ≤ RE(S p).
When G is not bipartite, it is better to look at a result using null (R).
Theorem 4.8 Let G be a connected graph on n ≥ 3 vertices. If G has no suspended paths, then
RE(G) ≤
√
n − 1 − null (R)
√
n − 2
√
2
2
+ 1.
Notice in particular that if null (R) ≥ 1, then
√
n − 1 − null (R)
√
n − 2
√
2
2
+ 1 ≤
√
n − 2
√
n − 2
√
2
2
+ 1
=(n − 2)
√
2
2
+ 1
=(n − 3)
√
2
2
+
√
2
2
+ 1
< (n − 3)
√
2
2
+ 2.
Hence, if n = 2p + 1 is odd and G is a connected graph on n ≥ 3 vertices that has no suspended paths,
and null (R) ≥ 1, then RE(G) < RE(S p).
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5 TB graphs
In the previous section we showed how finding good bounds for tr (R2) yields good bounds for RE(G).
In this section we study tr (R2) for a particular family of bipartite graphs, and use it to show that their
randic´ energy is bounded by the randic´ energy of the sun graph. The family that we consider is bipartite
graphs with bipartition A, B, such that deg(b) ≤ 2 for every b ∈ B. We denote this graphs as TB graphs.
Notice that the family of TB graphs include many important subfamilies of graphs:
• starlike trees, which are trees with exactly one vertex of degree greater than 2;
• basic trees, see [11], which are trees with a unique maximum independent set of size ⌈n/2⌉ (the
importance of this trees is due to their null space);
• a graph obtained by taking a graph G and replacing each edge e = {v1, v2} by two edges e1 =
{v1,we} and e2 = {v2,we}.
The graphs described above satisfy the condition deg(b) = 2 for every b ∈ B. In this section, we give
a bound on tr (R2) for any TB graph. Before doing so, we give a short explanation on how to find tr (R2)
for any bipartite graph. Let G be a bipartite graph. As G is bipartite, the underlying graph of R2 has two
connected components.
Consider a bipartite graph G with V(G) = A ∪ B. Let R be the Randic´ matrix of G indexed first
with the vertices in A and then in B. As there are no edges between vertices in A and no edges between
vertices in B, R is a block anti-diagonal matrix. I.e., R is of the form
R =
ñ
0 C
Ct 0
ô
,
where C is a |A| × |B|matrix. Then
R2 =
ñ
R2A 0
0 R2B
ô
with R2A = CC
t and R2B = C
tC. It follows that tr(R2A) = tr(R
2
B), and tr(R
2) = 2tr(R2A) = 2tr(R
2
B). There is
actually a big difference between vertices of degree 1 and vertices of degree 2 in B, hence we partition B
into B1 = {b ∈ B | deg(b) = 1} and B2 = {b ∈ B | deg(b) = 2}.
Lemma 5.1 Let G be a connected TB graph with |G| ≥ 3. Then for every a ∈ A,
1
2
≤ R2a,a ≤
1
2
+
1
4
|N(a) ∩ B1|,
where N(a) is the neighborhood of a.
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Proof: If deg(a) ≥ 2, then
R2a,a =
∑
b∈N(a)
1
deg(b) deg(a)
=
∑
b∈N(a)∩B1
1
deg(a)
+
∑
b∈N(a)∩B2
1
2 deg(a)
=
∑
b∈N(a)∩B1
2
2 deg(a)
+
∑
b∈N(a)∩B2
1
2 deg(a)
=
∑
b∈N(a)∩B1
1
2 deg(a)
+
∑
b∈N(a)∩B1
1
2 deg(a)
+
∑
b∈N(a)∩B2
1
2 deg(a)
=
∑
b∈N(a)∩B1
1
2 deg(a)
+
∑
b∈N(a)
1
2 deg(a)
=|N(a) ∩ B1|
1
2 deg(a)
+ deg(a)
1
2 deg(a)
=|N(a) ∩ B1|
1
2 deg(a)
+
1
2
,
thus
1
2
≤ R2a,a ≤ |N(a) ∩ B1|
1
4
+
1
2
,
where the second inequality follows from deg(a) ≥ 2.
If deg(a) = 1, let b be the only neighbor of a,
R2a,a =
1
deg(b)
=
1
2
=|N(a) ∩ B1|
1
4
+
1
2
,
because deg(b) = 2, as G is a connected TB graph with at least 3 vertices. 
Notice that if G is a TB graph, then E(G) = |B1| + 2|B2|. As G is connected, E(G) ≥ n − 1 =
|A| + |B1| + |B2| − 1. Thus 2|B2| ≥ |A| + |B2| − 1, or |A| ≤ |B2| + 1. We can now bound the trace.
Lemma 5.2 Let G be a connected TB graph with |G| ≥ 3. Then tr (R2A) ≤ n+14 .
Proof:
tr (R2A) =
∑
a∈A
R2a,a ≤
∑
a∈A
Å
1
2
+
1
4
|N(a) ∩ B1|
ã
but as the vertices in B1 have degree 1, they each appear in exactly one N(a) ∩ B1. Hence
∑
a∈A
1
4
|N(a) ∩ B1| =
∑
b∈B1
1
4
=
|B1|
4
.
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Then
tr (R2A) ≤
∑
a∈A
Å
1
2
ã
+
1
4
|B1|
≤2|A|
4
+
1
4
|B1|
≤ |A| + |B2| + 1
4
+
1
4
|B1|
≤ |A| + |B2| + 1 + |B1|
4
≤n + 1
4
.

As a TB graph is bipartite, tr (R2) = 2 tr (R2A).
Lemma 5.3 Let G be a connected TB graph, then tr (R2) ≤ n+1
2
.
Lemma 5.4 Let G be a bipartite graph. If tr (R2) ≤ n+1
2
, then
RE(G) ≤
√
n − 2 − null (R)
√
n − 3
√
2
2
+ 2.
Proof: As G is bipartite, Corollary 3.4 yields
RE(G) ≤
»
(n − 2 − null (R)) tr (R2 − 2) + 2.
But tr (R2) − 2 ≤ n+1
2
− 2 = n−3
2
. Thus
RE(G) ≤
√
n − 2 − null (R)
√
n − 3
√
2
2
+ 2.

We can now combine Lemma 5.3 with Lemma 5.4 to obtain the following.
Theorem 5.5 Let G be a connected TB graph. Then
RE(G) ≤
√
n − 2
√
n − 3
√
2
2
+ 2.
Even more, if null (R) ≥ 1, then
RE(G) ≤ (n − 3)
√
2
2
+ 2.
Notice that bipartite graphs with an odd number of vertices have null (R) ≥ 1. This shows that the
randic´ energy of TB graphs of odd order is less or equal than the randic´ energy of the sun graph of that
same order.
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